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Abstract— In this paper, previous works on the Model
Predictive Control (MPC) and the Divergent Component of
Motion (DCM) for bipedal walking control are extended. To
this end, we employ a single MPC which uses a combination
of Center of Pressure (CoP) manipulation, step adjustment,
and Centroidal Moment Pivot (CMP) modulation to design a
robust walking controller. Furthermore, we exploit the concept
of time-varying DCM to generalize our walking controller for
walking in uneven surfaces. Using our scheme, a general and
robust walking controller is designed which can be implemented
on robots with different control authorities, for walking on
various environments, e.g. uneven terrains or surfaces with a
very limited feasible area for stepping. The effectiveness of the
proposed approach is verified through simulations on different
scenarios and comparison to the state of the art.
I. INTRODUCTION
In order to realize the dream of employing humanoid
robots in our real world, developing a unified, robust and
versatile framework for bipedal locomotion control is es-
sential. That is why after several decades of research on
bipedal locomotion, developing a robust and human-like
walking controller is still one of the most challenging areas of
the humanoid robotics research. Experimental studies show
that the response of a human to progressively increasing
disturbances can be categorized into three basic strategies:
(1) ankle, (2) hip and (3) stepping strategy and human uses
these strategies in a complex and efficient way consistent
with the environment constraints . As a result, developing
a walking controller that mimics the human behavior in
different situations can significantly increase the reliability
of these robots performing in a complex environment. This
problem is the main goal of this paper.
Exploiting the whole dynamics of a humanoid robot is
one of the common approaches that is used for walking tra-
jectory generation [1]. However, solving a high dimensional
nonlinear optimization problem demands high computation
burden. As a result, simplified linear models that capture the
task-relevant dynamics to a set of linear equations are useful
for generating walking patterns in real-time. In this context,
the Linear Inverted Pendulum Model (LIPM) [2], has been
very successfully used for the design of walking controllers
for complex biped robots.
Using the LIPM, Kajita [3] introduced preview control
(PC) method as an efficient tool for walking pattern genera-
tion based on the LIPM. Wieber [4] improved the robustness
1Center of Advanced Systems and Technologies (CAST) School of
Mechanical Engineering, College of Engineering, University of Tehran,
Tehran, Iran. ( shafiee.a@ut.ac.ir) ( aykoma@ut.ac.ir)
2School of Mechanical Engineering, College of Engineering, University
of Tehran, Tehran, Iran. ( mshariatp@ut.ac.ir)
of this method by expressing PC as an MPC problem by
taking into account the inequality constraints. It has been
shown that the MPC based walking has a strong potential
for disturbance rejection by exploiting the step location as a
control input [5]. Similarly, the MPC has been deployed for
Push recovery using stepping strategy [6] [7].
On the other side, Pratt et al. [8], [9] introduced the
Capture Point (CP) by splitting the COM dynamics into
stable and unstable parts. Also, the CP has been used by
Hof et al. [10] to explain human walking properties under the
name of extrapolated Center of Mass (XCoM). Takaneka et
al. [11] constrained the divergent part of the CoM to generate
the DCM trajectory. Englsberger et al. [12] extended the
CP dynamics to the three-dimensional DCM, and developed
a real-time walking controller. They also used the angular
momentum in their CP controller [13], but it has not been
used in DCM trajectory generation. Furthermore, the Time-
Varying DCM has been introduced for better tracking of the
vertical component of the DCM during walking on uneven
terrains [14].
The idea of using the DCM dynamics instead of the whole
CoM dynamics in an MPC framework has been proposed in
[15]. However, they only used the CoP as the control input,
while the DCM yields information about the step locations
[16]. To achieve more robust DCM based walking, Griffin
et al. used the DCM concept through an MPC framework,
and also considered the step locations as control inputs [17].
Moreover, Khadiv et al. showed that step timing adjustment
play a key role in push recovery using step adjustment [18].
However, to the best of our knowledge, the angular mo-
mentum, despite its high potential for disturbance rejection,
has never been used in the DCM-based trajectory generation
methods. The whole-body angular momentum plays a key
role in implementing robust walking [19], [20], particularly
in the case where step adjustment is not possible. In the
presence of significant disturbances, the ZMP approaches
the safe margin and therefore generating angular momentum
or step adjustment is required for maintaining the balance
[19], [21]. However, in the case where the step locations
are limited, employing the centroidal angular momentum
becomes crucial [22], [23].
In this paper, inspired by above-mentioned works, we
propose a novel walking controller with two main contri-
butions. First, we develop a unified, versatile and robust
walking controller capable of rejecting severe pushes, using
the CoP manipulation, step adjustment, and CMP modu-
lation simultaneously in a single MPC. This results in a
significant improvement in terms of disturbance rejection. In
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the situation where the step adjustment is not possible, the
significance of the CMP modulation or employing the cen-
troidal angular momentum becomes more evident. Second,
this method allows considering the change of the CoM height
during DCM trajectory generation for walking on uneven
terrains. The proposed method for changing the DCM height
improves the reverse-time integration method [17], since us-
ing reverse-time integration may cause discontinuities in the
DCM trajectory in the case where more than one previewed
step is required.
The rest of this paper is organized as follows. In Section
II we briefly review the LIPM dynamics, the MPC and DCM
formulations. The proposed walking controller is presented
in Section III. In IV, the obtained simulations results are
presented and discussed. Finally, Section V concludes the
findings.
II. CENTER OF MASS DYNAMICS
A. Linear Inverted Pendulum
The LIPM has already been used successfully for de-
scribing the Center of Mass (CoM) dynamics for bipedal
locomotion. ( [2]- [17] ). Briefly, the LIPM uses the following
assumptions:
• The rate change of centroidal angular momentum is
zero,
• The CoM height remains constant at ∆z
• The torque of base joint of the pendulum is zero
By these assumptions, the equations of Motion of the LIPM
may be specified as:
x¨com = ω20 (xcom− px), y¨com = ω20 (ycom− py) (1)
in which xcom and ycom are the CoM horizontal compo-
nents, ω0 =
√
g
∆z is the natural frequency of the pendulum,
and px, py are the horizontal components of the CoP.
The whole-body angular momentum as well as the change
of CoM height play a key role for versatile and robust
walking pattern and are ignored in the LIPM dynamics.
These effects will be discussed in this paper.
B. Time-Varying DCM
The CoM dynamics can be split into its stable and unstable
parts. The unstable part is called DCM and is extended to the
time-varying DCM by considering the change of the natural
frequency of the LIPM. The 3D DCM is defined as:
ξ = x+
.x
ω(t)
(2)
where x = [xcom,ycom,zcom]T is the CoM position, x˙ is the
CoM velocity, and ω(t) is the time-varying natural fre-
quency.
From (2), the CoM dynamics is given by:
x˙ = ω(t)(ξ −x) (3)
assuming ω(t)> α (α is a positive and small value), the
Com dynamics can be shown to be asymptotically stable and
it follows the DCM. By differentiating (2) and substituting
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Fig. 1. DCM dynamics for SURENA III humanoid robot during walking
(3) and defining rvrp as the time-varying virtual repellent
point (VRP) , the DCM dynamics is expressed as :
.
ξ =
(
ω−
.ω
ω
)
(ξ − rvrp) (4)
Using the concept of the Centroidal Moment Pivot (CMP)
[12], the rvrp can be related as a function of CMP :
rvrp = x− x¨ω2− .ω = rcmp+
g
ω2− .ω (5)
where g= [0,0,−g]T is the gravity acceleration vector and
rCMP is defined as:
rcmp = x− Fextω2− .ω (6)
In this equation, Fext stands for the vector of contact
forces. For generating DCM trajectory, rcmp is assumed to
coincide with rcmp in the ground plane. The CMP is equal
to the CoP in the case of zero moment around the CoM.
For a non-zero moment about the CoM, however, the CMP
can move beyond the edges of the support polygon, while the
CoP still remains inside the support polygon. In other words,
the centroidal momentum pivot is the point where a line
parallel to the ground reaction force and passing through the
CoM intersects the ground. Therefore the relation between
the CoP and the CMP is defined as:
rcmp = rcop+
1
m(g+ z¨)
[ .
Hy,−
.
Hx,0
]T (7)
Where H is the angular momentum around the CoM.
III. DCM BASED MODEL PREDICTIVE CONTROLLER
In this section, we employ the MPC framework and
the DCM dynamics to come up with a unified and robust
framework for walking control of a biped robot. Engls-
berger et al. [12] introduced the 3D DCM and designed a
versatile and fast method for walking trajectory generation
by having a predefined ZMP and a final condition on the
DCM that should coincide with the final CoP. In [17], the
DCM acceleration and step positions are selected as control
inputs for step adjustment, similar to [5].The human walking
analysis shows that the whole-body angular momentum is
small and is highly regulated throughout the walking cycle
[20]. In fact, human uses the effect of centroidal angular
momentum in the situation where external disturbances are
exerted, particularly in cases where the step adjustment is
not possible. In order to consider these cases, we optimize
angular momentum when an external disturbance acts on the
robot. In fact, we define the problem as a single MPC which
decides the step locations, the second derivative of centroidal
angular momentum, and the rate of change of CoP.
A. DCM Discrete dynamics
The discrete-time DCM dynamics using (3),(5)and (7) can
be specified as follows:
ψk+1 = Akψk+Bkuk (8)
while the corresponding matrices in this equation are:
ψk+1 =

ξk+1
xk+1.
Hk+1
copk+1
 Bk =

0 0
0 0
T 0
0 T
 uk = [ ..Hk.copk
]
Ak=

T ω
2
k−
.
ωk
ωk
+1 0 −T ω2k−
.
ωk
ωk(mg+mz¨)
−T ω2k−
.
ωk
ωk
ωkT (1−ωkT ) 0 0
0 0 1 0
0 0 0 1

Given a sequence of control inputs uk, the linear model in
(8) can be converted into a sequence of states Γψ , for a
previewed number of time-steps (N):
Γψ =Φkψk+Φu1Γu1 (9)
Γψ = [ψTk+1ψ
T
k+2 . . . ψ
T
k+N ]
T
Γu1 = [uTk u
T
k+1 . . . u
T
k+N−1]
T
Φk =

Ak
Ak Ak+1
...
Ak.. Ak+N
 Φu1 =

B 0 .. 0
AkB B .. 0
Ak Ak+1
...
...
. . .
...
Ak.. Ak+N−1B .. .. B

It is noteworthy that the trajectory of
.ω in each time step
is given by knowing the vertical trajectory of the CoM during
walking. We can use this equation for both lateral and sagittal
directions, since the dynamics equations in the sagittal and
lateral planes are decoupled.
B. MPC Cost Function
After discretization of the dynamics equations, we can
write the problem through a discrete-time MPC. The pro-
posed MPC objective function is as follows:
J =
N
∑
k=1
α1‖ .copk‖2+α2‖
.
Hk+1‖2+α3‖
..
Hk‖2+
α4‖copk+1− copre fk+1‖2+α5‖ξ re fk+1−ξk+1‖2
(10)
Where N is the number of time intervals and αi’s are the
weights. The first term is used for minimization of the rate
change of CoP that helps to smoothing the contact forces to
generate CoM smooth motion. The second term is presented
for modulation CMP in the case of large disturbance by
optimizing angular momentum. The third term was used
for manipulating angular momentum and it’s weight selected
carefully to to smoothing rate change of angular momentum
in situations where disturbances exist. A theoretical analysis
of MPC shows that minimizing any derivative of the motion
of the CoM of the robot while enforcing the constraints on
the position of the CoP results in stable biped locomotion.
Therefore the latter term in (10) is used to maintaining a
position of the DCM as close as possible to some reference
positions for guiding the robot through desired direction and
position in the environment particularly in the situation that
the step adjustment is activated. Also this term act like a
spring and damper to the profile of the CoM, results to better
handling disturbances.
C. Automatic Step Adjustment
In order to express the footstep positions as a control input
of MPC, we have to express the position of the footholds
over the previewed horizon Γu2 ∈Rm with the current given
footsteps Γ0 ∈RN which is fixed on the ground. The Φ0 ∈RN
and Φu2 ∈ RN×m contains 0 and 1 specify which time-steps
Ti belong to which steps and m is the number of previewed
steps, so we have [5]:
ΓCoP =Φ0Γ0+Φu2Γu2 (11)
Φ0 =

1
...
1
0
...
0
0
...
0
0
...
...
0

Φu2 =

0 0 0
...
. . .
...
0 0 0
1 0 0
...
. . .
...
1 0 0
0 1 0
...
. . .
...
0 1
. . . 0
0 0
...
...
...
...
0 0 1

Γu2 =

p1
p2
...
...
pm

Therfore based on (9) and (11) for the whole prediction
horizon we have: Γψ
ΓCoP
= [Φk 00 Φ0
]ψk
Γ0
+[Φu1 00 Φu2
]Γu1
Γu2
 (12)
This equation is derived for x direction however for the y
direction is the same. By using (12), the objective function
of MPC can be expressed as a Quadratic Programming (QP)
problem with constraints in the standard form of:
J =
1
2
ΓTU H ΓU + Γ
T
U f
st.
C ΓU +D= 0
E ΓU +F ≤ 0
(13)
Where C,D,E and F are the coefficient matrices, ΓU ∈
R2N+m is input vector for forward direction, with H and
f being the Hessian matrix and the gradient vector of the
objective function.
D. Constraints
The main advantage of MPC method is consideration of
future constraints. In all previous works on DCM trajectory
generation, the final condition on the DCM that should be
coincided with the CoM and ZMP is used to produce the
DCM boundary conditions. Here we do this intelligently
by enforcing the final position constraint on the DCM. It
prevents the reverse-time integration that may cause discon-
tinuities for the lack of initial condition and also enable
a straightforward DCM trajectory generation method. At
the end, we use a constraint to ensure the rate of angular
momentum is zero at the final time step.
copN = ξ N
copN = xN
.
HN = 0
CoP ∈ SupportPolygon
(14)
The first three constraints are equality constraints for the last
step time of implementation of QP. The latter is inequality
constraint that is considered for overturn avoidance. Also for
the step adjustment problem, bound on the position of the
next foothold simply enforced with the horizontal position
of the CoM Γx as follows:
‖Γu2−Γx‖< l (15)
IV. RESULTS AND DISCUSSION
In this section, we will show that the proposed algorithm
can generate a robust walking locomotion in different scenar-
ios. QP is solved using Gurobi solver by MATLAB software.
Physical characteristic of our SURENA III humanoid robot,
with the desired CoM height of 0.75 cm, and weight of
90 kg which is developed at CAST is used for trajectory
generation. Each step is split to a primary double support
phase (DSP), single support phase (SSP) and a secondary
DSP. The primary DSP for the first step and secondary DSP
for the last step are called initial and final DSP respectively.
These DSP have longer time than to middle steps DSP
duration for smooth accelerating and decelerating of the CoM
at the start and stop of the walking.
A. Simulation results
Fig. 2 shows the result of trajectory generation for walking
on limited contact surfaces. These plots show a simulation
of 5 steps walking with initial DSP Duration of 2.16 s,
final DSP Duration of 1.8 s, middle DSP duration of 0.18 s
and single support phase (SSP) duration of 0.84 s with step
length of 0.4m. In this simulation the previewed horizon is
5 steps and the part of step placement control of MPC is
deactivated in order to track the exact desired footsteps. The
inner gray rectangular shows the contact surface and the light
pink rectangular shows the foot of robot. In this scenario, a
push with the magnitude of 250N during 0.05 s in sagittal
direction is exerted on the CoM of the robot. As we expected,
the large push throws the DCM out of the support polygon,
and the CoP cannot navigate it and holds on the margin
of support polygon. Therefore, the angular momentum is
generated by the MPC to move the CMP outside the support
polygon for controlling the DCM. The results show that
this MPC scheme can handle the change of CoM height
in DCM trajectory generation. However, in this paper, our
emphasis is not on walking on uneven terrain but we aim
to show that the proposed controller is able to consider
the change of natural frequency of DCM in straightforward
way without reverse-time integration. Also Fig. 2 shows
that change of centroidal angular momentum is 70N.m that
should be handled by whole-body motion of the robot. The
advantage of this method for DCM trajectory generation is
that it can handle the change of CoM height and centroidal
angular momentum trajectory. Also for considering double
support phase we do not require a different method and
all aspects are integrated into a unique MPC scheme. This
simulation shows the advantage of our MPC framework that
enable to generate robust walking motion in the presence
of large disturbances without changing the step position in
situations that footstep must be placed on exact position for
example when robot walks on rock and moreover contact
surface is limited.
B. Comparison with [5], [17]
In the second scenario, we compare the robustness of our
proposed optimization procedure with step adjustment to the
proposed approach in [5], [17] that is the cutting edge of
walking locomotion planners. The algorithm that is presented
in [17] is extension of ( [5], [12], [14]) which are standard
walking pattern generators in the literature. That is why
we compare our results to this approach. We applied the
same parameters for both approaches using an LIPM and
computed the maximum push that each approach can handle
with characteristic of SURENA III humanoid robot. For each
simulation, uniformly forces during ∆ t = 0.1 s are applied at
the first step. The previewed horizon is 3 steps and the height
of CoM fixed at 85 cm. As it shown in Fig. 3 the algorithm
  
 
 
 
 
 
 
  
 
 
 
 
 
 
 
 
  
 
 
 
 
 
 
 
 
  
Fig. 2. CMP modulation without step adjustment for 5 steps walking
on limited contact surfaces with initial DSP duration of 2.16 s, final DSP
duration of 1.8 s, middle DSP duration of 0.18 s and single support phase
(SSP) duration of 0.84 s with step length of 0.4m with CoM height change
of 15 cm, 250N forward push on the first step
of [5], [17] can handle the pushes with magnitude of 100N
lateral and 120N using automatic step placement. As it can
be observed in Fig.4 this approach fails to recover pushes
with magnitude more than 140N lateral and 200N forward.
Our approach with CoP and CMP modulation can recover
larger severe pushes compared to the approach in [5], [17].
Also our approach needs shorter step length in comparison
with [5], [17] for step adjustment. Fig. 5 shows that CMP
is outside of support polygon by generating 90N.m rate of
centroidal angular momentum but CoP holds on the edge
of the foot. The MPC scheme of [5], [17] causes that the
forward and outward step length increased up to bound of
constraint 5.5 cm, 0.1 cm respectively, that causes actuator
saturation. However our method can handle significant larger
 
 
 
 
 
 
 
 
  
Fig. 3. Step adjustment based on [5], [17] for 3 steps walking with initial
DSP duration of 1 s, final DSP duration of 2 s, middle DSP duration of 0.2 s
and SSP duration of 0.6 s, 100N lateral and 120N forward push on the first
step.
 
 
 
 
 
 
 
 
  
Fig. 4. Diverging of MPC problem based on [5], [17] for 3 steps walking
with initial DSP duration of 1 s, final DSP duration of 2 s, middle DSP
duration of 0.2 s and SSP duration of 0.6 s, 200N lateral and 140N forward
push on the first step.
disturbance with step length adjustment of 4.8 cm forward
and 0.05 cm outward using CMP modulation. Based on
obtained results the proposed method has the following
advantages to other methods:
• In our proposed approach, we employed the step lo-
cation and CoP and CMP modulation for locomotion
control in a single MPC that results better robustness
than conventional one, in simulation.
• Our experiments suggested that our approach can con-
sider the change of CoM height. The proposed controller
can compensate the severe pushes, when the robot walks
on small contact surfaces such as rock, also is capable
of saving the robot from falling in the situations that
step adjustment is not possible.
V. CONCLUSIONS
In this paper, we proposed a method for generating robust
walking locomotion for biped robots using the concept of
time-varying DCM by employing the MPC. In this method, a
combination of CoP manipulation, step adjustment, and CMP
modulation is exploited through a single MPC to generate
robust and human-like walking patterns for a previewed
number of steps. Using the idea of time-varying DCM,
our controller is capable of dealing with uneven terrains.
However, in this paper, our emphasis is developing robust
  
 
 
 
 
 
 
  
 
 
 
 
 
 
 
 
  Fig. 5. Step adjustment, CMP and CoP modulation based on proposed
method for 3 steps walking with initial DSP duration of 1 s final DSP
duration of 2 s, middle DSP duration of 0.2 s and SSP duration of 0.6 s
260N lateral and 220N forward push on the first step
walking control and the walking on uneven terrain will be
discussed in the future works. The results from simulation on
different scenarios showed the robustness of our controller
in various situations. Also, Comparison to the state of the art
shows significant improvement in disturbance rejection capa-
bilities of DCM-based walking controllers. Despite all above
advantages, this controller is implemented only in simulation.
Implementing on the real robot has more practical challenges
such as accurate state estimation to obtain the DCM position,
the saturation of actuators especially in the case where the
support polygon is small. Generating whole-body motion of
the robot for the required angular momentum is an another
challenge that can be handled if the robot body equipped
with a momentum gyro! Our future works will be considering
change of step timing in the MPC scheme to achieve more
robust walking motion and experimental implementation on
a real robot.
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